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Abstract. The article focuses on the problems of constrgctirathematical models of mechanical
oscillatory systems containing elastic and massiaedia elements. It shows the possibilities of
combining typical elementary links in some struatuformations, called quasi-springs. Such
constituent links have the same properties as ctioral springs in commutation and
transformation circuits. Features of dynamic s&ffa of system in general and quasi-springs, in
particular, are that dynamic stiffnesses take asles and infinitely large ones. The authors
propose a method for determining the frequenciesabdiral oscillations on the basis of using the
concepts of the dynamic stiffness of a system. Whek considers features of the formation of
dynamic responses in systems whose elements miakenotions.

NPUBEJAEHHAS TUHAMUYECKASA )KECTKOCTb B CTPYKTYPHBIX
MOJAEJISAX TEXHOJOI'MYECKUX U TPAHCIIOPTHBIX MAILIMH
Enuceee C.B., Ky3neyoe H.K., Enucee¢ A.B., Muponoe A.C.

KiaroueBble c10Ba: IMHAMHYECKAs JKECTKOCTH, KBa3WIIPY)KHWHA, AMHAMHYECKAas peaxius, dopma
JBIDKCHUS

AHHoTauus. PaccmaTpuBaloTcs BOMPOCH MOCTPOEHUS MAaTEMaTUYECKUX MOJIENEH MEXaHMYECKUX
KOJIeOATeNbHBIX CHCTEM, COJIEPIKAIINX B CBOEM COCTaBe YNPYTHe M MAaCCOMHEPIIMOHHBIE JIEMEHTHI.
ITokxa3aHbI BO3MOXXHOCTH COEIMHEHHS TUIIOBBIX IEMEHTAPHBIX 3B€HHEB B HEKOTOPHIE CTPYKTYPHBIC
o0Opa3oBaHMs, Ha3blBa€MbIe KBA3HIPYXXHHAMHU. TakWe COCTaBHBIC 3BEHBSI 0O0NANalOT B CXeMax
KOMMYTAIIMU U MPEeoOpa30BaHUs TAKUMH K€ CBOMCTBAMH, YTO U OOBIUHBIC MPYKHUHBL. OCOOCHHOCTH
JIMHAMHUYECKON KECTKOCTH CUCTEMBI B LIEJIOM M KBa3HUIPY>KHUH, B YACTHOCTH, 3aKJIOYAIOTCS B TOM,
9TO JUHAMHYCCKUE JKCCTKOCTH MPUHUMAIOT HYJICBBIC 3HAUCHMS, 8 TAKXKEe — OCCKOHEYHO OOJIBIINE.
IIpemnoxkeH MeTON ONIpEACNCHUS YacTOT COOCTBEHHBIX KOJeOaHHWI Ha OCHOBE HCIIOJIb30BaHHUS
MOHATHI O JMHAMHYCCKOW JKECTKOCTH CHCTEMBL. PaccMOTpeHbl 0COOCHHOCTH (HOPMHUPOBAHUS
JMHAMUYECKHUX PEAKIMI B CUCTEMaX, SJIEMEHThI KOTOPHIX COBEPIIAIOT COBMECTHBIE IBUKECHHUSI.

Introduction. Manifestations of joint motions on several cooad@s in the
forms arising at free oscillations of systems, thedes of dynamic damping of
oscillations and also in the joint motions alongesal coordinates with observance
of certain lever ratios are characteristic of meotal oscillatory systems with
several degrees of freedom [1-4]. Many manifestatiof self-organization of
motions are considered in works on synergeticslimesr mechanics, the theory of
gyroscopic systems and dynamics of the couple@sysbf solid bodies. Physical
bases of such processes are determined by impaeiriolis factors, are followed
by difficult interactions of various components efements that makes the
directions of search of ways and means of mathealatiodeling relevant [5-9].

In most cases the small oscillations are considératiarise in mechanical
oscillatory systems in relation to the positiontleé established dynamic state at
limited number of degrees of freedom of motion, abhipredetermines the
advisability of structural mathematical methoddpiind reflection in works [8, 10,
11]. At the same time, questions of formation oihjomotions along several
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coordinates and conditions of their implementatidemand more detailed
representations.

The offered article considers the problems of egdfanization of the motions
of elements of mechanical oscillatory systems aéreal harmonic perturbations
taking into account opportunities of manifestatmilever linkages between the
elements of the system and features of the dynafificesses which are formed in
interactions at certain forms of motion.

|. General provisions. Statement of the research task. The definition of the
concept of dynamic stiffness in mechanical osahatsystems (or computational
schemes of technical objects) is associated wehettpansion of ideas about the
elastic and mass-and-inertia interactions of stmattelements (quasi-springs) in
the composition of mechanical systems. Some quesabout the use of dynamic
stiffnesses in the form of quasi-springs are dbsdrin [12].

Further on, the problems of vibration protectior @onsidered, which is
connected with the allocation of the protectionesbjand the system of constraints,
the adjustment of which ensures the correspondyngmic states. In the problems
of the dynamics of machines of this kind, theserespntations are completely
compatible, since the presence of an object, wilgsamic state is evaluated, is
characteristic of many applications.

Fig. 1, a — ¢ shows computational and structural schemes ofatrdor
protection system with two degrees of freedom inctvlthe object of protection
with the massmy, the intermediate massy are allocated. Mass-and-inertia
elementan, andm, connect linear springs to coefficients of stiffa&g k, andks.
External perturbations are accepted in the fornhaymonic forcef Q; and Q,,
applied to elementsy andnmy; kinematic perturbations andz, are defined by the
motion of bearing surfacésandll (Fig. 1,a).

The motion of the system is considered in coorésw andy, connected
with the motionless basis. Within a structural ageh, the starting point in the
research is the construction of a mathematical inadee form of the system from
two linear differential equations of the secondesrdith constant coefficients. That
is further compared to the dynamically equivalettucural diagram of the
automatic control system, in which the object abtpction is considered as the
integrating link of the second order [3, 5, 6]. T$tauctural diagram of the system
consists of two partial blocks with an elastic rpttial constraint (Fig. 1).
Construction of the structural diagram (Fig.bl,is based on preliminary Laplace
transformation at zero initial conditions. At thenge time in the structural diagram
in Fig. 1, reflecting the existence of negativedtegcks (quasi-springs) which are
formed in characteristic points (pf, A2, As andBs, By, B3).

The dynamic constraint response which is createéld rgiation to the object
of protection, is defined as the product of theregponding dynamic displacement
y, by dynamic stiffness of the quasi-spring. The clategpresponse consists of
static and dynamic parts. Static components arrméaied by the weight forces of
the object of protection and the intermediate elgme
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Fig. 1. Computational schemes and structural dragraf the vibration protection
systema is thechain-type oscillating systerb is the detailed structural diagram
is the generalized structural diagram

[1. Formation of dynamic stiffness. Transfer function of vibration protection
system at force perturbatiaf Q, # 0 (Q2 = 0,z = 0,z = 0) is defined from the
structural diagram in Fig.:1

P’ +k, +K, |

W —_ yl = rnZ
L(p) = 2 AD) ; (1)
where
A(p) = (mp” +k; +k,) [m,p* +k, +k;) —k; )

is the characteristic frequency equation of theéesys

In this casep = jw is a complex variablg € +/-1); the sign "—" means the
Laplace transform image of the variable [5]. Thggtal sense of transfer function

in the form of (1) corresponds to dynamic compl&gi ), which is defined by the
expression
1

mp? +k, + K2 P’ )
m, p? +k, +K,
As for dynamic stiffness of system, it correspotalgversion of expression

M= 3)

p||<|

(3):

= oy = Q- (mp® k) [m, p® +k; +kg) +k, m,p* +k)
knp(p)—y mp? +k, +k, (4)
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2 2 ,
R"p(p):(mp2+k1)+w:ﬁhpz+kl[ﬂmZp +Kk, +2k3)+k2 [qm,p +k3):
P et m, p? +k, +k, (5)
= myp? + M Tl o)+l * b ok
m,p” +k, +k,

The dynamic stiffness of structural formations &tsprings) is determined
by fractional-rational expressions, which in thengml case depend on the
frequency of the external force. Note that dynastiitness, by definition, can take
zero, and also negative and positive values, imatuthose that reach large values.

Thus, the methodical basis of an estimation of dyngroperties of complex
systems relies upon the possibilities of structurahsformations of the initial
mathematical model.

[I1. Features of a system with one degree of freedom. A mechanical

oscillatory system with one degree of freedom withwer perturbationQ and

kinematic perturbatiorZ from a bearing surfadeis shown in Fig. 2a. As a part of
the system, there is an object of protection frobmation by the masm, an elastic
element with the stiffneds and the motion transformation device (MTD) witle th
reduced mask. Such systems are usually used as computatiohahszs in the
problems of protecting machines and equipment frobnations and are called
basic ones; more complex systems, at an eliminatfantermediate coordinates,
can be reduced to them [3, 5, 9].

The transfer functions of the system for the fand kinematic perturbations,
respectively, have the form

B Wy (p)=Z = —. (7)

=S T e Do Z (m+L)p®+k
Fig.2, ¢ shows the transformed structural diagram, in wthilod protection
object is allocated in the form of an integratiimklof the second order, enclosed
by a negative feedback loop. Such a loop, in itd&k a transfer function of the
form

1 A Lp? +k

<

WO(Cp) =Lp?+k. (8)

In physical sense, the expression (8) defines tramic stiffness of the
elastic and inertial system (or the vibration isoia (Fig. 2,a) between the object
of protectionm and the bearing surfateln this case, the expressibp? + k, being
the dynamic stiffness of some structural format@isp defines dynamic responses
at pp.A and A, , where the elastic formation (quasi-spring) is remted to the
bearing surfacéand the object of protection.

Responses at ppA and A; are defined at force perturbatio (z = 0)

expression
Q Lp? +k
QULp" +k) 9)

R =[Ry = (wp? sty =8 5
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Fig. 2. Computational scheme and structural diagshthe vibration protection
system with one degree of freedaarns the computational schemmeis the

structural diagram at the kinematic perturbatiQn=0); c is the structural diagram
of the system at the force perturbatia=(Q)

The transfer function of the system at the initifluence Q and an output
signal in the form of dynamic responBgg or ﬁAi can be written

_ Ry Lp*+k
M PEQ T menp ek
The significance of dynamic responses, occurringthe connections of
system elements, allows us to expand methodologasitions in solving problems
of ensuring the reliability of the operation of kation protection systems.
V. Some featur es of dynamic stiffness. Using the transfer function (5), it is
possible to find the dynamic stiffness of a fragimathe system (Fig. &)

Eﬂp<p)=%=<m+up2+k. (11)

(10)

Dynamic stiffness of a fragment of systdqy(p) has two components: one

is a constant with a valdeand corresponds to the stiffness of the elasémehnt;
the second one is a variable and depends on tlipieiney of the external
disturbancerf + L)o?. The dynamic stiffness of a fragment of the systeiforation
isolator) can take a zero value, which occursfegguency
k
2 _
—l (12)

Such frequency defines natural or free oscillatiohthe system, in general,

at the same time the denominator of transfer fonct{8) is the frequency
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characteristic equation. Fig.3 shows a graphicydical solution of the frequency
equation
—(M+L)w’=0 (13)

kcit ((A:)“

0 © ‘J k
Inat. m+L

Fig. 3. A schematic diagram of the graphic-anafftgsolution of equation (13)

In this case the dynamic stiffness of the systenfoate perturbationQ

consists of two parts: the first one considerstiakeproperties of the object of
protectionm, and the second one considers the dynamic prepeatithe compound
elastic element obtained at parallel connectiora afpringk and MTD with the
reduced mask.

1. If the dynamic stiffness of the system is zeranotion with an infinitely
large displacement amplitude (the system compliaocemass compliance is
infinitely large) is implemented, that is, a modeesonant phenomena occurs.

2. If dynamic stiffness of an elastic componentdoasi-springs) is equal to
zero, then the motion of the object of protectiomill not be resonant — the object

of protection will make harmonic oscillations with frequencywy =% and the

corresponding amplitude.

3. For the kinematic influencefrom the side of the bearing surfacg £ 0),
the transfer function of the system has the forterd@ned by the expression (7).
At the same time the expression (7) gives an id#taoh dynamic stiffness of
system, per se, but characterizes the relationmgflitudes of oscillationsy/z at
the object of protection and the bearing surfacén this case, the analysis of
dynamic interactions is considered from a differgaint of view. If to give

kinematic perturbatiorLp? + k) Z to equivalent power influence
Q. (P) = Z[Lp* +K), (14)
that transfer functiory/ Q. the same form, as well as expression will takerenf

3KB.

(7). Accounting of the specifics of kinematic pebation as a relation of/z has

the features owing to manifestation of the so-calkver linkages arising at the
joint motions of elements in oscillatory systems.
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As for the system with two degrees of freedom, thie@ interaction of
elements in the system, taking into account theiiog dynamic stiffnesses of the
system, as a whole, and its individual elastic citnes or formations, is more
complex.

V. Dynamic stiffness of the system. As was shown above, the generalized
dynamic stiffness can be obtained by inversion hef expression for dynamic
compliance (or the transfer function of the "input" “force”, "output" -
"displacement” system). The generalized dynamiifness reflects the level of
dynamic interactions on the part of the systemtlim form of resistance) at the
point of application of the harmonic force. The gettized dynamic stiffness of the
system is defined by the expression

an(p):g:(mp2+k1+k2)zfmp2+kz+k3)—k§_ (15)
y m,p~ +k, + kg

From (15) it follows that at a frequency of dynarmd@mping of oscillations
(when the "object of protection™ stops)
: _kotky

JIMH.

=0 m,
the generalized dynamic stiffness of the systerhheilequal teo.

At the same time, at frequencies and o, of natural oscillations, the
generalized stiffness of the system will be equalOt thereby eliminating the
resistance for the motion of an object with the smags On the other hand, the
computational scheme (Fig. ), can be transformed to a form in which the initial
system takes a form of a system with one degrdeeefiom. In a system like that,
the quasi-spring can be implemented as some staldarmation made of elastic
and mass-and-inertia elements. Similar transfoonatican be carried out in the
structural diagram (Fig. 4).

The quasi-spring represents a certain block whihster function is formed
according to the certain algorithm, built using th&es of structural transformations
of the theory of mechanical circuits. Stages ofaligwyment of ideas of the quasi-
spring found their reflection in work [6]. The sttural diagram in Fig. 4 has in

(16)

relation to an object of protecti{nn#J negative feedback.

The transfer function of such a feedback, in thgsplal sense, determines the
dynamic stiffness of the quasi-spring, which cqooegls to the usual structural
diagrams in systems with one degree of freedom. Spgexial properties of the
guasi-spring are in the fact that at certain fregies of external action it can take

extreme values. So, for example, with a frequengy, = % dynamic
stiffness of a quasi-spring, in versions of struatdliagrams in Fig. 4 and Fig. 4,
becomes equal te, and coordinatey, takes zero value. At the same time the
generalized dynamic stiffness determined by theresgion (15) also becomes
equal too. Such forms of interaction are quite explainalile atop of the motion
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along the coordinatg, . In the structural diagrams provided in Figc4nd Fig. 4,
in such cases the negative feedback becomes amuamtith the corresponding
"zeroing" of the coordinate, .

¢)
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Fig. 4. Computational schemes and structural dragraf the systena is the
object is rested against a quasi-spring and agkrimaving autonomous external
influences} is the object is based on a generalized quasigmrith a common
support;c is the structural diagram corresponding to Fig;4l is the structural

diagram corresponding to Figi,

Conclusion

1. The concept of dynamic stiffness in mechanicatillation systems is
correlated with representations about the propediethe system as a whole, and
also with the properties of individual fragmentgstod system.

2. The dynamic stiffness of the system as a wholdetermined on the basis
of the transfer function, which connects the inpligturbance and the output
displacement of the point to which the externaltuwllsance is applied. Such
dynamic stiffness depends on the frequency of tktereal action and can be
represented by a fractional-rational expressiothéoperator form. If the dynamic
stiffness of the system as a whole is zero, thisezssponds to the resonance regime.
Using the fact that the dynamic stiffness of thetemy, in the physical sense, is
determined by the frequency characteristic equatioa frequencies of the natural
oscillations can be determined from the conditiostt the dynamic stiffness of the
system is equal to zero on the basis of graphity/aca methods.

3. Dynamic stiffness can be correlated with thepproes of individual
fragments. Among them, quasi-springs can be cladsihs some structural
formations built on connections of typical elemepntinks according to the rules of
the structural theory of mechanical oscillatorytegss. Within the scope of such
theory, a mechanical oscillatory system with lumpgetameters, which has a
mathematical model in the form of a system of Ineadinary differential
equations, can be associated with a structuralenatical model in the form of a
structural diagram of a dynamically equivalent audtic control system.
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