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Abstract. A solution to the spatial problem of the theofyelasticity is proposed for a composite in
the form of a half-space with a longitudinal thiekdled circular cylindrical tube and a layer rigid|
attached to the surface of the half-space. Layaf;dpace and pipe - elastic homogeneous isotropic
materials different from each other.

On the free surface of the layer and the inneraserbf the pipe, displacements are specified. &t th
boundary of the layer and half-space, as well deeaboundary of half-space and the outer surface
of the pipe, the matching conditions are couplings necessary to evaluate the stress state of the
multilayer medium. The solution of the spatial desb of the theory of elasticity is obtained on the
basis of the generalized Fourier method in cylecalricoordinates associated with the pipe and
Cartesian coordinates associated with the layehatiespace.

A numerical analysis of the stress state of thepmmsite body is carried out. Plots of normal and
shear stresses in the layer, half-space and pépprasented.

The proposed method can be used in the design mpasites, structures and communications,
provided that the statement of the problem coirgid@ress analysis can be used in the selection of
geometric characteristics of the designed model.

UCCJIEJJOBAHUE HAITPSI)KEHHOI'O COCTOSIHUSA
MHOTI'OCJIOMHOM CPEJIbI, COCTOSIIIEN U3 CJI04,
HNOJYIPOCTPAHCTBA U HWINHJAPUYECKOM TPYBbI, C
3AJJAHHBIMHA HA TPAHUYHBIX IOBEPXHOCTSAX
MNEPEMEIIEHUSMHI
Mupownuxoe B .1O.

KiroueBble cJI0Ba: KOMIIO3HT, TOJICTOCTEHHAs! TpyOa B IOIYHIPOCTPAHCTBE, YCIOBHS COTPSIKEHHUS,
000611eHHbII MeTo Dypbe.

AnHoTanus. [IpemnosxeHo pemeHne MpoCTPaHCTBEHHON 3a1adui TEOPHH YIPYTOCTH AJIST KOMITO3UTa
B BHJIC IMOJYNMPOCTPAHCTBA C MPOJOJHEHOW KPYTJIOW HUIMHAPUYECKON TOJCTOCTEHHON TpyOoil u
CJI0eM, JKECTKO MPHUKPEIUIEHHBIM K MOBEPXHOCTH IMONyMpocTpaHcTBa. CIIOH, MOIYyNPOCTPAHCTBO H
TpyOa - ynpyrue oJHOPOTHBIC H30TPOITHBIC MATEPHAIIBI, OTIIMYAIONIUECS APYT OT IPyTa.

Ha cBoGOIHO# TIOBEpXHOCTH CJIOS W BHYTPEHHEH MOBEPXHOCTH TPYOBI 3a7aHbl repemerneHus. Ha
TpaHULie CJOA M TOJYNPOCTPAaHCTBA, a TaKkKe Ha TpaHHIe MOIYNPOCTPAHCTBA U BHEIIHEH
TIOBEPXHOCTH TPYOBI ycloBHs compspkeHus. HeoOxommMo mccienoBaTh HAmNpsKEHHOE COCTOSHUE
MHOTOCJIOHON cpenpl. PemieHne MNpoCTpaHCTBEHHOM 3aJjaud TEOPHUHM YHPYTOCTH IMOJY4YeHO Ha
OocHOBe 0000menHoro Merona Oypbe B IMIMHIPHYSCKIX KOOPAMHATAX, CBSA3AaHHBIX C TPYOOH, n
JIEKapTOBBIX KOOPJUHAT, CBA3AHHBIX CO CIIOEM M MOJYIPOCTPAHCTBOM.

[IpoBeneH YHCICHHBIA aHAIN3 HAIPSHKEHHOTO COCTOSIHHSA Tena KomrmosuTa. [IpencTaBinens! rpaduxu
HOPMAJTbHBIX U KACATEIBHBIX HAMIPSHKCHHUN B CIIOE, IIOIYIIPOCTPAHCTBE U TPYyOeE.

[Ipemmaraemsrii MeTO MOXKET OBITH HCIIOJB30BAH MPH MPOCSKTHPOBAHUH KOMIIO3UTOB, KOHCTPYKITHHA
M KOMMYHHMKAIMil MpU YCIOBUU COBMAJCHUS MOCTAaHOBKM 3aladyd. AHalu3 HampsHDKEeHHOTO
COCTOSIHMSI MOXeT OBITh WCIIONB30BaH TIpM  BBIOOpE TEOMETPHUYECKHX  XapaKTEPHCTHK
IPOEKTUPYEMOH MOJEIH.
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Introduction

When designing complex geotechnical structuresyel$ as structures and
parts made of composites, one has to deal withgdesthemes in the form of
rigidly interlinked layers, pipes and half-spaca. diew of the combination of
different boundary surfaces and the spatial fortirtaof the problem, the solution
is much more complicated.

For such problems, the generalized Fourier methtdig§ used in the
numerical analytical approach.

So, using this method, the problems are solved tualf-space, with a surface
parallel to it, a cylindrical cavity or inclusior248], for a cylinder with cylindrical
inclusions [9], for a layer with one cylindrical\dgy, inclusion or pipe [10-12].

The presented work is also based on the generdfiaeder method.

Formulation of the problem

In an elastic homogeneous half-space parallekteutface, there is a circular
cylindrical thick-walled pipe with an outer radio§ R; and an inner one d¥. A
layer of heighty is rigidly adhered to the surface of the half-gpac

We will consider the pipe in a cylindrical coordieaystemd, ¢, z), the half-
space in the Cartesian coordinate systemyt, z,), which is identically oriented
and combined with the coordinate system of the.plje half-space boundary is
located aty,=h,. The layer will be considered in the Cartesianrdoate system
(x1, Y1, z2) located on the lower surface of the layer (tharatary of the coupling
with half-space and, accordingly, shifted relatitee the coordinate system by
yo=hy).

It is necessary to find a solution to the Lame ¢&qua
AU, +(1-20,)*0divU | =0, whereaj — Poisson's ratio of the layg=1), half-

spacejE2) or pipesje3).
At the upper boundary of the layer, displacemente a&pecified

U, (x.2),., =U?(x,2), displacements are set on the inner surface opipe
U,(0,2),-r, =UR(0,2), whereU, — displacements in layetj,— displacements in
half-space;
03104,2)=U el +U ) 0l
030.2)=U{8 Ul +UTl
known functions;éj("), j =1, 2, 3 — the unit vectors of the Cartesianlj and

cylindrical (k=2) coordinate systems.
On the boundary of the layer and half-space, tlwplotg conditions are given

G, _,=U, 2)

3)

(1)

Yo=h, ,
I:1Lj1 = FZUZ

y1=0 Y2=hy '
at the boundary of the half-space and the pipecdl@ling conditions
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U, (9, 2)pr, =Us(®:2) s » (4)
FUz(q)'Z)\p:R FU (¢ Z)\p:Rl' (5)

where F,U, ‘ 2G[ -ndivy, +iU += (nxrotU NE 5 o,
on 2(1+ g)

E, — Poisson's ratio and modulus of elasticity ofldyer (=1), half-spacej€2) or
pipes [=3); U, — displacements in pipes.

The specified functions will be considered as rigpuiecreasing from the
origin of coordinates along theaxis for the cylinder and along thendx axes for
the layer boundaries.

Solution Method
We take the basic solutions of the Lame equatidherform [1]

GE(X,y,Z;}\.H)_ (d) i()\z+px)1yy.

5. (o0.20)= NI (gl o
ék,m(p’q)!Z;)\): ( )[(Slgn)\) (P\|p @(}\”mﬁ))]-k— 123

Nfd):%m; Ngd):;(o e U+)\D(y[)] )\rot( g N _%D
1

0 0 i
NP =21 MNo-1) 0-ab NP =1 eat(a@)

Y=y A +p%, —0 <\, pU<o0,

where I,(x), K,(x) — modified Bessel functionsR ., S, k=1, 2, 3 —
respectively, internal and external solutions @& tame equation for the cylinder;
U,E'), U,E” — solutions of the Lame equation for a layer aalf-$pace.
The solution to the problem Is presented in thenfor
U Vi, Z M0
;j I (HY (%, Vo 2 0y ) + -
+HI(\p)m é"(xl,yl,z :A.u:ol))dudh.

0,23 | 3 B.nW) 5o 20i0,)o0 +

o ®)
3| [(HOO W)@ (%0 v, 2,ih i 0,) ),
Us =if i”km@)[ﬁk,m(ﬁ”@z%)ﬁL&,m(A)EEK,m(p,da,z;A)dA, 9)
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where S .(p.0,.z7), R..(0.0.z2A) G(x,y,zAu) u G (xy,zA 1) — basic
solutions given by formulas (6), unknown functiod$’ (A, 1), HY(\, 1), B, .(A),

HZ(\ 1), Am(A) n A ,(\) must be found from the boundary conditions (1) and

coupling conditions (2 — 5).

For the transition of basic solutions between coateg systems, we use the
formulas [12].

To satisfy the boundary conditions at the uppernidany of the layer, we

equate vector (7), foy;=h;, to the given ondjﬁ(x, z), represented through the
double Fourier integral. So we get three equat{ong for each projection) with six
unknownsH Y (A1), HO(A,p).

To satisfy the coupling conditions at the boundafrhe layer and half-space
in displacements, we substitute the right-handss{@¢ and (8) in (2). In this case,

writing expressionU,(x,,2,),, ,, it is necessary to use the formulas for the

transition from solutionﬁ‘m of the cylinder to solutionﬁlﬁ‘) [12, formula (7)]. In

a similar way, we can write three additional equadifor stresses (3).
So we get nine infinite systems of equations withknown functions

HOO), HOOL), HE W) u B, ().

This system of equations has a unique solutiorgesthe determinarmh of
this system has the formh =-160y° @ ™™ @(y)/A°, where ®(y) — the
function, fory> 0, has only positive values and does not vanish.

From the resulting system of equations, we exprszE(}\,u), Ifllﬁl)()\,u) and
H&(\p) throughB, ().

To satisfy the coupling conditions at the boundairyhe half-space and the
pipe, we sep=R; in (8) and (9). We expand in (8) the basic sohgiof U|£+) by the
solutions of ﬁk’m using the transition formulas [12, formula (8)]heT resulting

vector, as well as vector (9), fprR;, we substitute in (4). So we get three infinite
systems of equations for the coupling of half-spaod pipe in displacements.
Similarly, we write three equations for stressgs (5

To fulfill the boundary conditions on the inner faoe of the pipe, we equate

(9), forp=Ry, given byUg(q),z), represented by the integral and the Fourier serie
Having received 9 infinite equations, insteadl-d)f)()\,u), we substitute the
previously expressed functions throqum()\), free ourselves from the seriesnn
and the integrals iA. As a result, we obtain a set of nine infiniteteyss of linear
algebraic equations for determining unkno®p, (A), A .(A) and A .(A). These

infinite systems have the properties of equatiohghe second kind and, as a
consequence, the reduction method can be appliteho.
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Having solved this system of equations, we find thiknowns Aﬁm()\),

Rm(}\) and Bkm()\)
Found from an infinite system of equatiom; ,(\), we substitute in the

expressions foH (A1), HY(A,u) and H®(\,u). This will identify all unknown
tasks.

Numerical Studies of Stress State

There is an elastic isotropic half-space in whdrallel to its surface, there is
a round cylindrical thick-walled pipe. A layer igidly adhered to the surface of the
half-space. The layer material is plastic, Poissoatioo; = 0.38, elastic modulus
E. = 1700 N/mm. Half-space - concrete, Poisson's ratio= 0.16, elastic modulus
E, = 32500 N/mm. The pipe is steel, Poisson's ratig = 0.25, elastic modulus
E; = 200000 N/mrh The outer radius of the pipB. = 30mm., the inner
R, = 20 mm. The distance from the upper boundarpheflayer to the center of the
pipe ish, = 45 mm. Layer thicknedg = 10mm.

On the inner surface of the pipe, displacements tire form

U,ER):lo4 [ﬁzz+102)_2, Uq()R):UﬁR):O. At the upper boundary of the layer,

displacements are specifietf’ =U® =u{” =0.

The infinite system was truncatedrto= 8. The integrals are calculated using
Philon’s quadrature formulas (for oscillating funecs) and Simpson’s ones (for
functions without oscillations). The accuracy oé thoundary conditions, for the
specified values of m and given geometric pararaeterL0®.

Figure 1 shows the stress state on the inner sudbathe pipe (Fig. 1a) and in
the body of the half-space on the interface withgipe (Fig. 1b), &= 0 in N/mnf.

0 n/d w/2 3n/4 7 5nl4 6n/4 Tn/d 2 0 n/4d w2 3n/4 w 5nld 6r/4 Tn/d 27
10000 1000
2 --1---.‘-—__-——43——-
/]
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a b

Fig. 1. Stress stata:— on the surfacg=R; ; b — on the surfacp=R;
1-0,,2-0,,3-0,

On the inner surface of the pipe (Fig),lthe stresses are almost constant, but
on the interface of the pipe and half-space (Fig), The stresses not only
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substantially decrease in general, but they alse te clear effect of reducing
stresses in the zone close to the half-space bou(earv?2).

Figure 2 shows the stresses along the y axis orstifv@us between the upper
point or;;he cavity and the interface between thl-$§pace and the layer, at 0,
in N/mnt.

In the body of a half-space, maximum stressgsire observed on the surface
of the cavity (Fig. 2, line 1) and decrease witlprapching the boundary of the
half-space. The maximum stresseg (Fig. 2, line 2) ando, (Fig. 2, line 3) are

also located on the surface of the cavity, theyrese as they approach the
boundary of the half-space, and near the coupletwden the layer and the layer
they increase.
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Fig. 2. Stresses along thi@xis between the surface of the cavity and thentary
of the half-space: 16,,2-0,,3 -0,

Figure 3 shows the stresses at the upper boundi#ing tayer (Fig. @) and at
the coupling between the layer and the half-spexcthé layer body, Fig.t8, along
thez axis, atx = 0, in N/mnf.
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Fig. 3. Stresses in the layar+ on the upper boundary of the layer; at the
bottom of the layer; 1 6,,2-0,,3-0,,4-T,
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On the upper surface of the layer, the stressesind o, have very close
values, as a result of which the voltaggeis omitted on the graph (Fig. 3a).

The greatest stresses in the layer, both in thermgpd lower parts, are,
(Fig. 3, line 1).

Due to hard pinching of the upper part of the laylee stresses, and g, in
the layer have negative values (lines 2, 3).

Summary

Based on the generalized Fourier method, a methguloposed for solving
the spatial problem of the theory of elasticity omultilayer medium in the form
of a layer and a half-space in which a longitudieidindrical pipe is located. The
problem is reduced to an infinite system of linalgebraic equations, allowing the
application of the reduction method to it. Numeristudies give reason to assert
that its solution can be found with any accuracyh®y proposed method, which is
confirmed by the high accuracy of fulfilling thedraary conditions.

The solution method can be used in the design wiposites, machine parts,
building structures and underground structures, diesign scheme of which
coincides with the formulation of this problem.

The presented stress state analysis can be useeldg¢ot the geometric
parameters of the structure.

The presented stress state analysis can be useéld¢ot the geometric
parameters of the structure.
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