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Abstract. In the present note, on the basis of a result.oP&elman, we offer a model in R3 the
three-dimensional sphere and calculate its volusieguspherical coordinates. A simple computing
scheme makes it easy to generalize it to n-dimeasicase.

MOJIEJIb B R®* TPEXMEPHOM C®EPBI U BBIYNCJIEHUE Ei OFbEMA
Tepewonok I1.A., bopzoakoea FOJI., Adamosuu A.HU.
Pyxosooumens no unocmpannomy a3vixy — lllenuxoea C.B.

KoueBsie cinoBa: runoresa [lyankape, chepa [lyankape, cepryeckne KOOpIUHATHI.
AHHoTanua. B HacTosmell 3amerke, Ha ocHoBaHuUU pe3ynbTata I'. Ilepenbmana, mpesaraercs
moziens B R® TpexmepHoii cepbl U BEIYHCICHHE e 06heMa ¢ MOMOIIBIO CHEPHUIECKHX KOOPIHUHAT.
[Ipocras cxema BBIYHMCIIEHHS O3BOJISIET JIETKO 0000IIUTE €€ JJIst N-MEPHOTO Crydast.

The development of astronautics keeps up with tteevkedge of outer space.
The study of spaces of greater dimension is a sacgsstep in the study and
knowledge of space. One of the first steps is aatmtwith four-dimensional space
[1-2] and its structure. Our goal is to popularihe “real” 3-sphere model and a
fairly simple way to calculate the volume of a #mdimensional sphere. In 1904,
Henri Poincaré suggested that any three-dimensioh@ct that has certain
properties of a three-dimensional sphere (3-sphear)be transformed into a 3-
sphere. (More precisely, any simply connected thieeensional compact manifold
without an edge is homeomorphic to a three-dimerdisphere). It took 99 years
to prove this hypothesis. Russian mathematiciargddyi Perelman proved the
Poincare hypothesis put forward a hundred yearsasagacompleted the creation of
a catalog of forms of three-dimensional spaces.

In fact, the proof of Perelman, whose correctnessriot yet been called into
question by anyone, solves a much wider range sides than the Poincare
conjecture itself. The geometrization procedureppsed by William P. Thurston
[3] from Cornell University allows a complete cldgstion of three-dimensional
manifolds, which is based on a three-dimension&lesy unique in its sublime
simplicity. If the Poincare conjecture were false, if there were many spaces as
simple as a sphere, the classification of 3-mat#folvould turn into something
infinitely more complex. Thanks to Perelman and rflan, we have a complete
catalog of all the mathematically acceptable fooh¢hree-dimensional space that
our Universe could take (if we consider only spad@out time).

Let us return to the goal of our article and mowve to constructing a
“tangible” 3-sphere model. Let’s try to “see” howBasphere is constructed from a
2-sphere and a 3-ball, after considering simpleesa
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A line is a 1-ball and its border is two points Osphere. We “bend” a
segment in into a semicircle and connecting theatpoof its boundary with the
same “bent” segment, we obtain a circle. It linaitsvo-dimensional circle. T.O. we
took two copies of the 1-ball, with the border imetform of two o-spheres,
deformed and glued them together on the o-spheregot a 2-ball with the border
of the 1-sphere. Those. The 1-sphere is a ciroktlae 2-ball is a circle.

Repeat our design for. Take two instances of all2(tat circle), with a 1-
sphere border (circle) and deform each 2-ball mtbemisphere, then glue these
hemispheres along the border (1-sphere) - as &,resuget a 3-ball, with border 2
sphere.

Now it's easy for us to repeat our actions for. 8¢e similarly, take 2 copies
of a 3-ball, with a border consisting of a 2-sphéne do not deform, we,
unfortunately, are people from) and glue them togetalong the border of 2-
spheres. The resulting body will be a 3-sphere. dtdanot imagine it, it is
impossible, it lies in, but we have a real, "tamgibmodel that allows us to work
with the 3-sphere. We indicate a simple and intaitvay of calculating its area and
volume.

Let B be a ball of radius R centered at the ongithe space of variables x, vy,
z, w. Then its volume can be calculated as anriated multiplicity 4 over region B.

V(B) :”ydv:”!jdxdydzdw

This integral is more convenient to calculate ihesjcal coordinates (see also
[4]) 1, 9, v, O in four-dimensional space, which are introducetbdews:

X=r cospcosBcosy; y=rsinpsinbcosy; y=rsinBcosy; y=rsiny,
where0<r <e,0<dp<2n -05n1<6,P< 05n.

It is clear how spherical coordinates are also thioed for an arbitrary n. But
for the Jacobian of transition I, and in the case4) painstaking calculations of the
Jacobian are required. The calculation of this Bacocan be done in a simpler way
using the following system of equalities

Fo=r’=(x*+y*+2°+w?) =0,
F,=r’cos Y- (x*+y*+2°)=0,
F, =r?cos Ycos’ 6—(x*+y?) =0,
F, =r?cos ¢ cos Pcos 6-x* =0.
Obviously, it is equivalent to the introduced spb&r(gyroscopic) coordinate

system. We use the implicit function theorem in #adended sense (implicit
mapping theorem). For the Jacobians, the equality

D(Fl’ I:l’ I:l’ Fl)
D(X! yile) =(_1)4 D(r,¢,Lp,6) )
D(r.9,y,6) D(F. R, F.F)
D(x Y,z w)
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But the Jacobians on the right side have triangoiatrices and are easily
calculated

D(F, R, P F)| =16r* cospsing cos  Biny [tos B3inG,
D (X, Y,z,w)
D(F,F,FL,F)| . av . . .

=16r" cospsing cos YPsinycos Bsingd .
D(r.¢,4,6) |

Therefore,|l| =r®cos Y cosd
V,(B) :j jjjdv:j jjjrscoszwcosedrdqadwde:

Bxyzw Browe
m

J-d(l)'[l’sdl' ICOSZ Ydy J-COSGdG 2m— J- 1+COSZLU) dw[qs|ne)|2 —

2 2

j(1+0052m)dwE2 T— (l]J+SIn2l]J)|n T[22R4.

4

Therefore V, (B) = and unit ball volume

™R _

2 |27
R=1

Since the area of the sphere is a derivative of/tlhe@me of the ball along the

radius, then
4
av,(B) _ 0 R = or?RE =
R OR 2

Thus S,(0B) = 2I°R°.

The calculation scheme is easily adaptable fortramyi n. A different,
original way is proposed in [5].

Vv, (B)=

S,(0B).
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