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AnHoTanusi. MatemaTrueckas (GpopMyIupoBKa psfaa (U3WIECKUX 3a7a4 MOXKET OBITh OTHCaHa C
MOMOINBI U PEepeHIMATBHBIX YpPAaBHCHUNA WM CUCTeMbl Ju((GEpEeHIUATBHBIX YPaBHCHUIA,
colleprKane Malnblid mapamerp. Takue 3amaun B OOIIEM clydae HE MOXET OBITh PEIICHBI TOYHO.
OpHako, eclnyu IpU HEKOTOPOM (UKCHPOBAHHOM 3HAYCHHWH MAajoro MapaMerpa, KpaeBas 3ajada
peliaeTcss TOYHO WM CPABHHUTEIBHO JIETKO, TO €CTh CMBICT HAaWTH PEIICHUEC HCXOIHON KpaeBoit
3a[1a4d B BHJIC ACHMIITOTUYECKOTO PA3JIOKCHHS 10 CTEIICHSIM MaJoro napamerpa. Paspaboranubie B
HACTOSINEE BPEMs aCHMITOTHYCCKHE METOJbI MOCTPOCHBI [0 3TOMY NpUHIMIYY. B nanHO# padoTe
aCHMIITOTUYECKOE TIPEJCTABJIICHNE KpaeBOM 3aJadyM HAXOIUTCS COTJACHO alTrOpHTMY METOoJa
uHTETpO-TudHEepeHIMATLHBIX ~ ypaBHeHUH. JlaHa OIleHKa TOYHOCTH MEXAYy TOYHBIM |
TIPUOIMKEHHBIM PEIICHHEM.

ASYMPTOTIC REPRESENTATION OF SOLUTIONSTO A THREE-
POINT BOUNDARY VALUE PROBLEM FOR A SECOND-ORDER
DIFFERENTIAL EQUATION WITH A SMALL PARAMETER
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Abstract. The mathematical formulation of a number of phylsgrablems can be described using
differential equations or systems of differentiguations containing a small parameter. In the
general case, such problems cannot be solved gxéltivever, if for some fixed value of a small
parameter, the boundary value problem is solvedtixar relatively easily, then it makes sense to
find a solution to the original boundary value desb in the form of an asymptotic expansion in
powers of a small parameter. The asymptotic methmdsently developed are based on this
principle. In this paper, the asymptotic represimtaof the boundary value problem is found
according to the algorithm of the method of intedifferential equations. An estimate of the
accuracy between the exact and approximate soligigiven.

BBenenne. Teopust KpaeBbIX 3a1a4 Ui OOBIKHOBEHHBIX TU(HEpeHIINaTbHBIX
YpaBHEHUI TpencTaBiIsieT CcoOOH BecbMa pPAa3BHBAIOIIMECS PpA3Zeibl TEOPUHU
migdepeHIMaNbHBIX U UHTErpo-IudepeHanbHblX  ypaBHEHUH.  OTO
00YCIIOBJICHO, C OTHOW CTOPOHBI, BAKHOCTHIO MPAKTUYECKOTO MPHIIOKEHUSI TEOPUH
KpaeBbIX 3ajJjau MpHU PelICHHH Pa3HOOOPa3HbIX 3a/1a4 HAYKU M TEXHUKH, a TaKXKe
pemieHusl psAga TEOPETUYECKHMX BOMPOCOB, CBS3AaHHBIX C OOOCHOBaHHEM
3¢ EKTUBHBIX METOIOB OTBICKAHUS PEIICHUH KpaeBbIX 3anady. MeToJ HHTErpo-
mudpepeHIMaTbHOTO MCCIISIOBAaHUS IBYXTOUCYHBIX KPACBBIX 3a7a4d pa3padoTaH B
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pabotax [1-5], a ero quckpeTHsbIii aHamor AaH B ctathe [6]. Llenpro manHON pabOThI
ABJICTCA  3aJada  ACHMIITOTUYCCKOro MNpPCACTABIICHUSA PCIICHUA TpéXTO‘-IG‘-IHOﬁ
KpaeBoil 3amaun AupGepeHIHATLHOTO YPAaBHEHUSI BTOPOrO TOpPSIKA C MajbIM
apamMeTpPOM.

PaccmoTpuM kpaeByto 3agauy

d gﬁt &) = g()+ef (t, x(1), 1)
ax(0,€)+ bx({ £)+ k(Te)= d @

rae @, b, kKu d —mocrosinubie, BemectBentpie uncina. [Ipubasisist B IpaByio 4acTh

napametrp O W HHTErpupyst 00e yactu ypaBHeHus (1), momyanm
ts 2
KL= O+ 6 [ [[gD+elt (ro) d dsas. (3
00

Otcroga umeeM
ts

X(0,£)= ¢ €), X(t.€)=GE)* q(e)q+jj[qr)+ef(r Xt.€))] d dsa—

2

X(T,€) = G (€) + G(€) T+“[ du)+e f(t, Xt,¢))] d olsnox7

Ha OCHOBAHHU O3THUX COOTHOIHCHI/Iﬁ nu3 KpaeBOFO YCJ'IOBI/IH (2) HOHyI‘II/IM
s

ac,(e) + bg (€) + be(e) 1+  [[ g1) +& r, f,e))] dst+

the, @) T+ ke(e) T+ { [T 40 +e (1, @) d ds>[ Bt KTa= .

Ortcroa moay4Yum

o O+ R O kﬁtﬁ[g(msf(r XT)] o dst
mlf—kszjj[g(rmf(r X(1,€))] cr dst o = bf'idsz.
CnenoBaTenbHO,
bt idkT2 ) Zéizib:Tf)c"(g) _%Q(E) B
—ﬁﬁ[gmm(r, X(1,€))] dr ds- bf sz j j[ g9 +e {1, re)] d d

[MoctaBysist 3HadeHue mapamerpa B (3), MOJyYMM HHTETPaJbHOE ypaBHEHHE
BUJIA
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X(1.€) = (&) + CL(E)HH[ o) +ef(t, XT,€))] d ds-

[9(T) +ef(T, X(T,€))] drds-

o'—,—i

szl ]
ti ‘i (4)
btl + sz “[Q(T) +ef (T, X(1,€))] dr ds+
btl t kTZ[d (a+ b+ K ¢(e) —( bt+ KT de)],

c(e)=a+acg+ag’+.., GE)= Qh+ g+ E*+....
Teopema 1. [lns unrerpupyemoii Ha orpeskax [0, t], [0, T] dyuxmun f(t)

CHpaBeI[J'II/IBBI OLIEHKH
Ts

”f(r)dIds— Zkt H f(t) dr % 3(;)&(;;ka#)| (), mpu tO[0, T]. (5)

_ﬁ f (T)deS——:H§ f(t) d%s j| ), npu tO[O, t,]. (6)
rae |f(t)|o :mta>4f ([} .

Teopema 2. Jlns wunrerpupyemoit Ha otpeske [0, T] dynkmuu f(t)
cnpaBezmHBa OIlEHKA

Ls

j j f(r)dtds— j j f(t) ot ds- bfbtzk j j 1) d c{

(7)

32k(btl TKT?) " 4 0

ACHMIITOTHYECKOE PA3JI0KEHHE PEUICHUS WHTErpajlbHOro ypaBHeHus (4)
UIIEM B BUJIE

X(t,e) = % () +ex () +e*x(D+.... (8)
[MocraBmsist (8) B (4) u cpaBHMBasE K03()(UIIMEHTHI 00EUX YacTell paBeHCTBA,
HOJIy9UM CHCTEMY PEKypPPEHTHBIX YPaBHEHHWi, B YaCTHOCTH Ui (DyHKIHH X, (1)

MOJIYYHM BbIpaKeHHE

(0 = ao+b)t+jjg(r>drd szfE @ d ds

2ot 3
_btf+kT2”g( T)drds+ bf k B fg(ar b ka-( b KT B
[Tonoxum
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L s

bt1+kT2[d (a+b+ K g-(bf+ kT b- H r) d ds J'lj' (@ td ps0.

OTcroa HaXoUM b0
T tl S

= _ d _atbtk_ =k ¢
TR kT b kT b kT-([-([g(T)drd b+ k;” qu) d d<(9)

@, —IIPOU3BOJIbHAS IOCTOSHHAS.
CrienoBarenbHO, HyneBoe mNpuONKeHHe X (1) ompexmensiercs corsiacHo

BBIPaKEHUIO
ts
% () =3, + Q)t+” 1) d ds (10)
00
st koo dunmerta Xl('[) pasnoKeHue NOayYUM B BUE BBIPAKEHUS
2kt T3

x(t) =a+hQt+ j j f(t, >%(t))dtds—btl — j j {t, X)) d ds -
2bt? %3 12
_le;f(r, %, (1))dtds— o7 + KT — = [(a+ br kat+( Qt+ kT

OHpeI[eHHeM b.l. COrjaCHoO BBIpa)KeHI/IIO
s

j j {1, x@) d d:  (12)

btl+kT51_ bt + kTM i x"(T))dtds_

51 — IIPOU3BOJIbHAA ITOCTOSAHHAS .

O06pasyeM GyHKITHIO
u(t,e) = x(t,e)- X, (t), (13)

rne X,(t,€) — wactHas cymma pspa (8) u i dynxkumm U(L,E) mocrpoum

UHTETpaIbHOE YpaBHEHHE

U(t,£) = u(0,£)+ U (0 t+= Hjaf (€%, (@, £)+9”(T &) ut £ ) ds-

t’e H-af(r X, (t,€)+0u(r, 8))u(r,£)drds}+

bti +kT? 9x
_{8” of (x, Xn(r,as)z+ eu(T’s))u(r,e)dT ds-

_4£t2tj,saf (1, X, (1,€)+0u(t,£)) u(t 8)deS}+
X '

2
tl 00
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t2 n+ly _ n+1
+W[_(a+b+ KO(e™) = (bt + kT)O(e™)].

Ortcrona Ha ocHoBanuu HepaBeHCTB (5), (6) TeopeMbl 1 MoydnM OLIEHKY pU
t[0, T]
(bt +KT?)*
128 (ot + kT?)

lu(t,e)| < O(™) + O™ )T +eK | u(t.e)|

2 2
+eK1|u(t,s)|£+ 2l T2|a+ b+ k+ b+ KTO(E™).

64 btf + Kk
Otcroza moy4yuM OLIEHKY
2 212 2\\ !
|u(t,e)|s 1-¢eK, (bY +23kT )2 Y [(K,OE€™"),
64k (bt"+ kT") 8
HITH |x(t,€) = X, (t,€)| < K,KO(E"™), tO[0,T] u €[0,g,]
rIe

K, =max of (t, X)

K, =|#T+a+b(® € » K(#T)

(1 €K OE +5KT?) %K)
s 12& b+ kT?) 64 )

Takum oOpa3om, Teopema JIoKa3aHa.

T 3. E 0 G=4t, X O<t<T o
. =40 Xd ) € €
eopema cmu B olnactu «ODOR[ ™™ [0,g,]
of (t,x
BBITIONHSAETCS  ycaoBusa K| 2 % , TO JUIi PasHOCTH |X(t, £)— X, (t,8)| o

CIipaBCAJInBa OLICHKA

|x(t,€) = X, (te) < K,KOE™), tO[0,T] u e0[0,g,].
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